Int. J. Solids Structures, 1973, Vol. 9, pp. 789 to 803. Pergamon Press. Printed in Great Britain

SIMILARITY SOLUTIONS IN PLANE ELASTODYNAMICSY

FreDERICK REYES NORWOOD

Sandia Laboratories, Albuquerque, New Mexico 87115

Abstract—Using integral transforms, a connection is shown between Cagniard’s technique and a class of
similarity solutions for plane problems in elastodynamics. These solutions are given in terms of analytic functions;
the functions are determined from the boundary conditions by the use of analytic function theory. This means
that the techniques developed by Muskhelishvili for static elasticity may be used to solve problems within the
class of similarity solutions. The Smirnov-Sobolev method is shown to be a special case of the general results
derived in the paper. To illustrate the application of the general results, the half-plane stress boundary value
problems of a suddenly applied line load, an expanding load, and a load over half of the bounding surface are
solved in detail,

NOTATION
D,
D, (k. p) = —kAlk, p)
Dxl(k* p) S ”Z(k)B(kﬁ P)
Dyl(k7 p) = —u,(k)Atk, p)
D,k p) = kBlk, p)
T,

Tk, p) = (Aa} +2pk?)Atk, p)
T.alk, p) = 2pkna(k)B(k, p)
Tolk, p) = plaj —2k*)Atk, p)
Typalk, p) = —2pkn,(K)BLk, p)
Toatk, p) = 2ukn (K)ALk, p)
T,,2(k, p) = p(a3 —2k*)Bik, p)
a1k, p) = daiAlk, p)

T,.a(k, p) = 0

1. INTRODUCTION

SiMILARITY methods in applied mathematics have provided a tool for solving some
problems of mathematical physics. In some cases these methods have yielded the solution
to formerly unsolved problems [1, 2]; while in other cases similarity methods have proved
well suited for previously solved problems (e.g., compare [3] and [4]). The derivation of
the similarity form of the solution has usually been effected by defining a new set of in-
dependent variables {1-4 and references therein}, and then casting the governing equations

t This work was supported by the United States Atomic Energy Commission.
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790 FREDERICK REYES NORWOOD

into a new form in terms of the new variables. The techniques employed to deduce the
similarity variables range from group theory [5] to dimensional analysis [6], but, apparently,
not including integral transforms. The present work uses Laplace transforms to find a
general solution which, after some clearly defined assumptions, yield both the similarity
variables and the similarity solution.

In a series of papers Smirnov and Sobolev [7-10] developed a similarity method for
solving plane elastodynamic problems. The generality of the method noted by Miles [2]
has been exploited to solve diffraction problems [11-13], crack propagation problems
[3, 14, 15]. and stress boundary value problems [7]. These references and their respective
bibliographies show that the use of this method has been relegated almost exclusively to
the Russian literature, and only mention of it has been made in other publications [2, 16,
17]. The work presented here contains the Smirnov and Sobolev method as a special case
of the general theory. and sets this method on a more precise mathematical foundation.
This is done, for example, by clearly stating the region of analyticity of the functions found
in the theory.

2. THE GENERAL PROBLEM AND SOLUTION

Statement of the problem

In a Cartesian coordinate system, consider the half-plane y > 0, with bounding surface
y = 0. Deduce the form of the response of the medium when a load is suddenly applied.
at time t = 0, to the surface y = 0. The governing wave equations are

eI el 4

VO = ——, VY= =7 V.¥ =0 {1)

The potentials ® and ¥ are related to the displacements through
u=VO+ VXY, (2)

where V? is the Laplacian operator, ¢, and ¢, the wave speeds, pc? = A+2u, pc3 = u, 4
and u are the Lamé constants, and p is the material density. The stress—strain relations
needed in the sequel are

1{Clu;, du
Tij = AA,VZ(DO\U‘}“ZIISU, 8ij = A(T“""+’_j), (3)

where J;; is the Kronecker delta. The potentials ® and ¥, and also the displacements and
stresses, are required to vanish as y — oo that is
lim(®, ¥, w, 7) = 0. 4)
y— oo
The initial conditions are taken as ®(x, y, 0) = ¥(x, y, 0) = 0®(x, y, 0)/0t = I¥(x, v, 0)/0t
= 0, representing quiescence at ¢ = 0. It will be assumedT that i, vanishes everywhere and
that u, and u, are independent of z. These assumptions give 7, = 7,, = ¢,, = 0, and
¥ = We_, where e, is the unit vector in the z-direction.

t These assumptions yield the plane strain case {18, p. 11].
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Formal solution. The one-sided and two-sided Laplace transforms to be used here are
defined, respectively, by the equations

Fo v = 2(f) = f v, 1) e dr, (5a)
1)
. l ¢+ i . .
o= [ enperd (5b)
FHk, v, p) = Jm Ffx, v p) e dx, (6a)
Tonm = [ kg preme i (6b)

where ¢ is chosen to the right of any singularity of f. In accordance with Lerch’s theorem,
it is sufficient to assume in (6) that p is a real positive number [19], for this guarantees a
unique inverse. In (6) — ¢ lies within the strip of convergence [24].

The application of (5a) and (6a) to the first of equations (1), using (4) and the indicated
initial conditions, leads to the ordinary differential equation for ®* and its solution

d2et ~
dy? +p?k2®F = a2p?®, ac, =1, M
& = Ak, p e, k) = @ k. ®)
Similarly one finds that
¥" = Bk, p) e Pmth», ac, = 1. 9)
The time Laplace transforms of ® and ¥ may be written as
By p) =5 | Atk p)erimtr gk (10)
Vonn = [ Blope e ax (1)

By applying (5a) and (62a) to (2), and using (8) and (9), one finds the Laplace transforms
of the displacements:

dfx, y,p) = #;(x, y, )i,y p, j=Xx.), (12)
i ~e¢
I{x.y, p) = z%df pD(k, p) e P 4L g = 1,2, (13)
where the D;, appear in the Appendix. By a similar process one deduces the Laplace

transforms of the stresses as

fjm(xs ys p) = :Ejml(x-» yw p)+fjm2(xs ys P), jv m= X, ya (14)

i e

fimaa(xs ¥ p) = % J‘ p2 ijct(k! p) e‘p{qdk}y%—kx] dk . (15)

—i®m e
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Equations (8-15) represent the general solution of the equations of elastodynamics
for the half-plane. The unknowns A(k, p) and B(k, p) are determined from the boundary
conditions for a specific problem.

3. SIMILARITY SOLUTIONS

Using the equations of Section 2, similarity solutions will now be developed by making
specific assumptions on the singularities of A(k, p) and B(k. p) in the complex k-plane.

A. The similarity method
In the evaluation of the right side of (10-15) for x > 0, one closes the contour to the
right of the integration path as shown in Fig. 1. Paths I and II are Cagniard paths [20]
along which Im(z,y + kx) = 0. The similarity solution desired is obtained by assuming that
(a) the integration path of (10-15) is equivalentf to either path I or path II, depending
on the ratio of x to y and the value of o, and

Path |

Path 11

x — Branch
point

k - Plane

F1G. 1. Integration paths in the k-plane.

{b) A(k,p) and B(k, p) are separable; that is A(k,p) = p "A(k, 1), Bk, p) = p~"B(k, 1).
Under these conditions (10) reduces to

1-n

B(x, y,p) = 2

- f Ak, 1) e P® dk, (16)
271 Jyuni

t = n,(k)y+kx, (17)

t For equivalence see [21]. The basic assumptions will be considered in the last section.
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where A(k, 1} is an analytic function of k along the path and Im ¢ = 0. By changing the
variable of integration in (16) from k to t one is led to

FTVNY _ oy [ f ok
T " =25 k)X errar
0tn 1 [p q)(x’ Vs p)] y 27[1 thlA\ )ate

1 [ ok,
:Z_l[ﬁj Ak, )8 _‘”dt+——f kl,l)—e_‘"dt]

i ok ok,
= —t[A(kl, 1)—1—A(k1» 1)—”]%1

2ni ot ot
o TAk, D) ok,
“Re[ n ot ]x‘
ky
0J’ A(k 1) (18)

where the path of integration in the last line is confined between the origin and the Cagniard
path I [A(k, |) is analytic throughout the integration path], ¥~ ' means the inverse time
Laplace transform, k; is the complex conjugate of k, x, is the characteristic function
%1 = H(t—a,r), H(t) is the Heaviside unit function, r* = x?+y?,
_ ¢ inJi-a@en)
1 524‘7]2 52 +n2
and k, was deduced from t —k x —n,(k,})y = 0. The integral appearing in (18) is an analytic
function of k, [22, 23].
Restricting « to the value one (x = 1) and following the steps shown in (18), one finds

~ | =
~ |t

s M= (19)

that
0" U (x, W 1) 0 (M Dk, 1
‘—atl*(z*y* = Rea‘tL —’—‘?)dkxl (20)
5"_31 jm (xa ¥, ) a kl m (k 1)
ajt"l*3 = Re 6tJ : ;n d D)

If the order of differentiation in the left side of (18), (20) and (21) is negative, then one
interprets the operation as differentiation of the right side [24, Art. V.10], for example
if n = 2 then (21) gives
2 k
' Ty (K, 0, 1)

Tt (X, Y, 1) = Reé—ij J‘T———dkxl. (22)
When « = 2 and for ¥ the steps shown in (18) must be modified to include the branch cut
contributions. The final expressions are

" W(x, y, 1 & Bk, 1)
—’—at"—l - z J ~—dk . 23)
=2,3
JZ(x Y, t) i k' jZ(k 1)
o2 = Re ; 2‘3 ot i ku, (24)

5n—31—mj2(x, ¥, t): Re Z i ki mﬂ(k 1)

dk
s I 2 dk (25)
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where y, and y, are the characteristic functions

%2 = H(t—ayr), (26)

¥s = H{t—a,x—yla3—a?)*}— H(t —a,r), 27)
& in[1=a3&+0Y)]

k-’- - 524"12 62+’72 s (28)
_ & nJleig+n)-1]

3 52+n2 62 +7]2 * (29)

where the positive root is always taken in (28) and (29). A discussion on the determination
of the proper sign for (29) is given in the Appendix.

For x < 0 the contour of (10}(15) is closed to the left of the imaginary axis by the
the mirror images about the origin of C, ,, C, ,, path I, and path II shown in Fig. 1. The
desired similarity solution may be obtained by introducing a third assumption analogous
to but independent of condition (a). This means that the region x < 0 {(or x > 0) may
admit a similarity solution independently of the form of the solution for x > 0 {or x < 0).%
For x < 0 one assumes that condition (b} holds and that

{c) the integration path of (10){15) is equivalent to the mirror image of either path I

or path IL
Under these assumptions it is easy to see that (18)~(22) also hold for x < 0. By a careful
analysis one concludes that (23}-(29) hold for x < 0, provided that one replaces k5 by k,
and x5 by x,, where

P S AL (SR )
RSEA & &+’

x4 = H[t+a,x~ ya3—a?)*]— H(t—a,r).

For example

0" 31,,(x, 3, 1) 0 (BT, .k ka T ook 1 ,
——~5{§§i§l—=Rea—J 12; dk y,+Re af ﬂ“" )4 kys. (25

In (18)—(25) the lower limit of integration may be changed to a point where the integrand
is analytic and remains analytic throughout the integration.

B. The Smirnov-Sobolev method

The generality of the relations derived in the previous section allows one to deduce the
equations embodied in Smirnov-Sobolev method as a special case of equations (18)~(29).
These equations will now be derived to give an illustration on the use of (18)—(29) in solving
plane problems. To simplify the work starred complex quantities are defined such that for
all items of interest

f =Re{f*}. (30)

T See [25] where only the region x < 0 admits a solution of the form given by (1829). For x > O there isa
pole between the imaginary axis and path I so that assumption {(a) is violated.
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Let us identify k,, k, and k,, respectively, with 6,, 6, and 6, of [7]. Then, by writing
k, = g, +it, the first of equations (1) reduces to Laplace’s equation
*0 +82<I)
do} 013
corresponding to (10,) of [7]. Similar results are found for the second of equations (1) with
k, = 0,411, and ky = o3+ 15. From (31) it follows that ® is a harmonic function and

therefore can be represented by the real or imaginary part of an analytic function of k, .
Select now n = 2 in (18)}~(29) for x > 0. Then

=0, (31

ki Ak, 1
D*(x, y, 1) = J ( - )dk x: = Flk )y, (32)
o i
ki B(k, 1
Y*x,n, 0= ) J~ ( : )dk =2 Gk, (33)
1=2,3J0 T 1=2,3

where F(k,), G(k,) and G(k;) are analytic functions of their respective arguments, and

dF(ky - Alk 1) dGtky . Bk 1)
dk = P = no dk = Gtk = o

34)

Equations (32)-(34) have the same form as the solution derived in [7]. In this reference,
however, the factors y,, x, and yx; were not obtained as directly as in the present work.
Substituting (34) in (20), one obtains

ky
uf(x, p 1) = g [—kF'(k)] dk x,
dt Jy

, ck
= _le(kl)a—;Xl'

Using the fact that t —xk, — y(a? —k?)! = 0, the preceding may be written as

ok
u¥ (x, y,t) = F'(kx)_a l)C1- (35)
x

Similarly the substitution of (34) into (23), using t — xk,— y(a3 —k2)* = 0,a = 2, 3, leads to

.. ok .., 0k Lok
ut(x, y, 1) = . F tkl)bf;+6(kz)5}%xz+ctk3)a—;x3- (36)
One also finds that
. Ok .. ok .0k
uf(x, y, 1) = F(kl)TyIXI—G(kz)a_xzxz_G(ks)T;X& (37)
Equations (36) and (37) may be reduced to
u*(x, y, t) = VF(k,)x, + Vx[Glky)e, ]y, + Vx[Glk;)e xs. (38)

in agreement with equation (20) of [7].
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Proceeding now to the stresses, one finds that, for x > 0, (21), (25) and (34) give

62 ki
e ) = 23 [ Gad+ 2k R dk (39)
0
C‘;Z ki
halx, nt) = P 2pk(aj —k**G'(k) dk ¥, (40)
1=2,3 01" Jo
2 ky
60 = 55 f ulad—2UA)F (k) dk 1, (41)
]
52 by
The(x. y8) = .-1—2225;5 2uk(a?—k*¥G'(k)dk ¥,, (42)
., 2 0%F(ky)
t*(x, v, t) = Aa} e X1 (43)
2 k1
Tl n ) =25 2uk(at —k*EF (k) dk x, (44)
0
62 ki
Salnn0 = ¥ 5 |- 260 dk, s)
=23
] O*Flk
X Y, D+ T s I)=(w?+ua‘;’:)-5;2—l~)xl~ (46)

The corresponding equations for x < 0 are obtained from (32)-(46) upon replacing k; by
k, and y, by x,. If the positive square root is to be taken, then [7] fails to give the proper
sign for k,, and also the proper signs for y, . With these remarks, and the further condition:

(d) assumptions {(a), (b} and (c) hold simultaneously,
one deduces from (30)-{46) the equations of the Smirnov-Sobolev method.

The form of the similarity solution in the Smirnov-Sobolev method restricts the
imposed loads to the strip on the y = 0 plane satisfying [x| < ¢,t. In thisstripy, = y, = 1,
¥3 = 0 and k; = k, = ¢/x. Thus the boundary conditions imposed on the problem have
to be such that on y = 0 the integrals

f u(x, 1) dt,jf ™(x, t,)dt, dt, (47
0 0vo

are functions of ¢/x only ; here u and t represent given displacements or stresses. It is im-
portant to note that y = 0 corresponds to the real axes of the complex k,, k, planes, and,
consequently, prescribing boundary conditions at y = 0 may be interpreted as prescribing
@ and ¥, or linear functions of ® and ¥, along the real axes of the k, , k, planes. Denoting
by fo(t/x) the value of f*(k) when Im k = 0, the expression for y > 0 may be determined
from

% J o(w)
IHK) = mf (48)

This last equation was deduced from the Poisson integral formula for the half-plane
[23, p. 595]. This formula is used to find ®*(k,), W*(k,), and other required functions, and
all of these functions are required by the method to be analytic between the Cagniard
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paths of Fig. 1 and their mirror images. By comparison, the general approach given in
Section 3.A requires analyticity only between the integrating path of (10}-(15) and the
Cagniard paths to the right or to the left of this path.

For problems where the method has been used the reader is referred to the references
in the Introduction. In the next section the method is applied for cases where n is different
from 2; also problems solved using the technique of Section 3.A are given.

4. APPLICATIONS OF THE TECHNIQUE

Expanding load

Consider the half-plane described previously. A load is suddenly applied, at time
t = 0, to the surface y = 0 such that

—I fi Xl < t/a, < 4,
73,(x, 0,1 ={ wofor <t 6 <a (49)

0 otherwise,
T(x,0,8) = 0 for all x. (50)

This load satisfies the spatial requirement for the extended Smirnov-Sobolev method, for
it lies within the strip |x} < ¢,t indicated before equation (47). The value of » needs to be
determined.

Using (48) one finds the complex function S}(x, y, ) such that when y = ORe S}(x, 0, ¢}
= 1,.(x, 0, ). This function is given byt

Iy k., +a
S¥{x.nt) = —I‘u_n—iln k—a (51)
k,—a =1, exp(if,), 8 <6 <2nu, (52)
k,+a = 1, exp(if,), -n<0,<m (53)

(52) and (53) are dictated by the analyticity requirements of the method. The required
branch cuts are shown in Fig. 2. Equations (21), (25)and {51} imply that n = 4. This leads to

In. o+ o
- Ip—;‘? In §~Z - pL (a2 — 2k2)F'(k) — 2k(a3 — k2)*G (k)] dk (54)
0=yu j " [2K(@? — k) F (k) + (a2 — 2K3)G' (k)] dk, (55)

3]

where o is the common value of k, and k, attained when y = 0, w = t/x. Solving (54) and
(55) for F’ and (', one obtains

o 1 (@—-2w* d w+t+a
Fl(w) = w;ri.—l)—(?)“*'a—(:)-[lnw——a]’ (56)

woy _ 1 20(ai-0®F d] w+a
G(&}) = E.—D—(Q))—m‘da)[lnw-—aj}, (57)
D(w) = (a3 —2w?)? +4w(a? — w?)¥(a3 — w?)}, (58)

t k, is used here so that k, = t/x when y = 0.
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X —— Branch
point

k. - Plane

F1G. 2. Branch cuts in the k,-plane.

and D(w) is identified as the Rayleigh frequency equation. The only singularities of (k)
and G'(k) are branch points at +a,, +a,, and simple poles at +a, +1/cg, where ¢y is the
Rayleigh speed. It follows that Assumption (d} is satisfied.t The stresses and accelerations
are found by substituting (56)-(58) into (20)-(25), with n = 4.

The technique used here to derive the similarity solution yields an alternative formula
for finding S}, and S}, which is useful even when Assumption (d) is not satisfied. This
formula is given by ‘

Shix, y. 1) = —-.J- 4.k, 0, 1) dk, (59
i Jo

%fm(k, 0, p) = f I:j ij(x’ 0, t) e P dl] ePkx dx,

0
1~L
::EQA&QIx (60)
and n = 2+o0.

Uniform impulsive load for x > 0

When Assumption (d) is not valid, but (b) and either (a) or {c} are valid, then it is possible
to use the results of Section 3.A to obtain the required solution. The procedure will be
illustrated by solving the case when

7,4(x, 0, t) = —(t)H(x), (61)
T,(%,0,1) = 0. (62)
By formula (60), one finds that
N 1
7,(k,0,p) = ok Rek < 0. (63)

+ For stress boundary value problems the singularities of S}, and S¥, determine whether or not Assumption
(d) is satisfied.
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From this it follows that ¢ = 1, n = 3, and by the remark following equation (25),
ke dk
t -, k;<0. 64
spenn=—] T Re (64
For this equation, the right branch shown in Fig, 2 with a = 0 is applicable. One can see
that Assumption (a) is violated, but Assumption (c) still remains valid. Now that the value

of n has been determined, one uses the integrals of (21) and (25) to determine A(k, 1),
B(k, 1), and the solution of the problem for x < 0:

-€

1 dk 1 (¢
=Y HEah N SOREESUSHED (65)
0= [ (Tyull 1)+ Tl D] (©6)
From these equations one finds that
_(@3-2k) Ak
Ak, 1) kDR’ Bk, 1) = DR (67)
These results agree with the velocities computed in [25] for x < 0. For example
Ky (L2
auxl(xs ¥, t) _ R a (2k aZ) (68)

ot T o), umiD(k)

Uniform line load

This problem is known as Lamb’s problem and was solved in [7] by a procedure more
involved than that presented here. For this problem the boundary conditions are

T,(%, 0, 8) = —d(t)d(x), (69)
To(x, 0,1) = 0. (70)
This immediately leads to
k.0, p) = —1, -0 < k < oo, (7D
1 e k,
yy(x Vs t) = -;1' dk = __7{—1 (72)

and hence ¢ = 0, n = 2. S}, and S%, have no singularities between the integration path of
(10)«15) and any of the Cagniard paths and therefore Assumption (d) is satisfied. F’ and
G’ may be found by using (54) and (55), with the left side of (54) replaced by — (w/xi). One

finds that¥

(Rw?*—a?)
7iD(@)

2w(a? —w?)*

Flw) = niD(w)

G'w) = (73)

in agreement with equation (26) of [7].

t For the case 7,,(x, 0, ) = — H{1)8(x), one simply requires » = 3 and uses (73) unchanged to find the solution.
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Uniform step load for x > 0
If, instead of equation (61), one has

7,,(x,0,t) = — H({t)H(x), {74)

then equations (49)+(58) may be used to find the solution. This is accomplished by noting
that the singularities of (51) contain information about the load. For example, the branch
point at —a arises from the portion of the load where x is negative. 7,,(x, 0, ) can be con-
sidered as the superposition of two expanding loads; that is, for t > 0,

T,,(%, 0, 1) = 1,,+(x, 0, ) +7,,,-(x, 0, 1), (75)

In for0 < x < t/a

+ ,O,t = . 76
T+ (0,0 { 0 otherwise, (76)

Iy for0< —x < t/a

- ’O7t = .
Ty (%, 0,1) {0 otherwise, (77)

I
% (%, ), 1) = —Iu+;’: In(k, — a) (78)

I
S _(x, 1) = —n—’i‘ In(k, + a). (79)

With this separation one now decomposes F' and G’ into F', + F_ and G, +G", re-
spectively. In the limit a — 0, F', and G, give the solution valid for x < 0 for the load of
(74). This is so because as a — 0 the right branch point shown in Fig. 2 approaches the
origin, thus violating Assumption (a). Assumption (c) still remains valid, and, by the
remark after equation (25), the lower limit of integration is now selected as —e¢. The re-
quired expressions for the problem are

a3 —-20% d

Fufo) = 122 o) (50)
G () = —2’—“22‘1)—(‘% 2 linw—al} (1)

Equations (78) and (79) provide a separation of S},(x, y,t) in equation (51) of the type
employed in the-Wiener—Hopf technique. S,,- is analytic to the left of k; = a in the k;-
plane, while S,,- is analytic to the right of k; = —a in the ki-plane. It is decompositions
of this type which make the technique applicable to diffraction problems.
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5. DISCUSSION OF RESULTS

In the preceding sections similarity solutions were derived for plane problems in
elastodynamics. The solutions were found in terms of analytic functions of a complex
variable determined from the boundary conditions. This is an important finding which
permits the extension to elastodynamics of the techniques in [26, 27], as will be shown by
the author in a paper presently in preparation. Under Assumption (d) the general technique
reduces to the Smirnov—Sobolev method. The general technique, however, indicates the
region of analyticity of the functions in the Smirnov-Sobolev method and yields the
characteristic functions ;. Also, the similarity variables k, are obtained in a manner simpler
than that of [7].

The sample problems presented in the paper were selected only as simple illustrations
of the technique, and, with the exception of the response to the uniform expanding load,
the response to the other loads appears in previous works [7, 17, 20, 25]. However, in the
present work the response is easily deduced from the general formulae, obviating the
work in these references. The decomposition given in (75}(83) is of the Wiener—Hopf type
suitable for diffraction and crack propagation problems.

The assumptions required in deriving the general formulae (18){29) may be related to
the applied loads and to the physical space (x, y, t), with ¢ as a positive parameter. For
assumptions (a) and (c), the easiest way to establish this relationship is to consider
t = n(k,)y+k,y as a mapping for y > 0. One finds that{ in the k,-plane y > 0 maps onto
Im k, > 0; also, that y = 0 maps onto the real k,-axis. The part of the boundary given by
y=0, 0 < x < tc, maps onto the semi-infinite line Imk, = 0, Rek, > q,, and y =0,
0 > x > —1tc, maps onto the semi-infinite line Im k, = 0, Re k, < —a,. By these mapping
arguments, and the branch cuts which arise in the technique, one may formally conclude
that Assumption (a) is satisfied for loads applied at y = 0 and — o0 < x < ¢,t; likewise
one concludes that Assumption (c) is satisfied for loads appliedat y = 0and —c¢,t < x < 0.
By the notation given for D;, and T,,,, it is easy to see that the requirement that A(k, p)
and B(k, p) be separable (Assumption b) is equivalent to the requirement that the double
transforms of the prescribed stresses or displacements be separable.
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APPENDIX. DETERMINATION OF k; AND k,

The similarity variable k; is obtained from k, when the expression under the square
root sign becomes negative; that is, when 1 —a3(&%+4?) < 0. There results an ambiguity
as to the sign required in ky so that the positive square root always be taken. This am-
biguity is resolved by noting that k; is applicable only in region A shown in Fig. 3, and
arises from the branch cut contribution. This region is bounded by the curves t = a,r and
t = a,x+ y(a? —a?)? and lies to the right of the line x(a; —a?)* —a,y = 0, where the in-
equality x(aZ —a?)* —a,y > 0 is satisfied. From ¢t = k,x+ y(a? —k3)* and Fig. 1, along the
right branch cut k; increases from a, to a,x/r and ¢ increases from t = a,x + (a3 —a?)?
to t = a,r. Thus the partial derivative of k with respect 10 ¢ must be positive. This is

Y4

xVa-a*+ay=0 xVa-of-0y=0
/ N

f=gr

t=ar

Vo o2
tayVa - a ax tegxty [a:"’xa

0 x

F1G. 3. Diagram for determining k; and k,.
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satisfied by (35), for, by using x, y and ¢, instead of £ and #, one has

tx  y(air*—t?)
ky= 7__\/_2#___, 2.1
Oy X, N, 2.2)

ot r? r2J(a3r? —t?)

One further check is provided by substituting t = a,x+ (a2 —a?})* in (2.1). This sub-
stitution must yield k; = a,. The substitution yields

ks = Slars+ i — b} — S {x(ad — b - yal}. 23)

In region A the quantity inside the square brackets is positive. Thus since the positive
square root should be taken, one obtains

X
ks = {ayx+ yad -} S x@d - ad —ya] = a;. 24

k, is applicable in region B of Fig. 3. This region lies to the left of the line x(aj — a?)*
+a,y = 0, where the inequality x(aZ—a2)*+a,y < 0 is satisfied. Along the left branch
cut of Fig. 1 k, increases from a,x/r to —a, and t decreases from a,r to y(a’ —a?)—a,x.
Thus the partial derivative of k with respect to ¢ must be negative. This is satisfied by
taking

_ t_x+y\/(a§r22—tz)

ky =
4
2

, (2.5

and recalling that x is negative in region B. A check is provided by the substitution
t = y(a3 —a?)* —a,x, which yields

X
ke = S} —ah? - apx}+2 {[x(a} - ad)! +ya, ) 26)

In region B the quantity inside the square brackets is negative. Thus, for the positive
square root, one obtains

X
k, = r—z-{y(ai—af)*—alx}+%{—x(a%—a%)*—yal} = —a,. ()]

(Received 17 July 1972; revised 18 November 1972)

AGcTpakT—MCnonb3ys HHTErPaibHbIE NPe0Opa30BaHUA, JOKA3BIBAETCA CBA3EL MexXxay ciocobom Kanbspna
M KJIaCCOM pelleHui moaxoAa AJif IUIOCKMX 3aAay B ynpyro# auHamuke. Jlalorcs 3TH pelleHHsl B BUHIE
AHAIMTHYECKMX QYHKLMIA; HA OCHOBE TEOPHH AHANMMTU4ECKHX GyHKUMH onpeaensioTcs GYHKUHH pelleHMi
U3 TPAHHYHBIX YCIOBUM. DTO 3HAYMT, YTO MOXHO HCIIO/IB30BAaTh METOABI, pa3paboTansl MycxenuiuBuium
JUIS 3a3a4 CTAaTHKM TEOPHMH YIPYTOCTH, JJis pacyeTa APYrux 3ajaad B npexaesiax kjiacca pemenuii nonobus.
Joka3snigaercs 4To MeTox CMupHoBa—Cobonesa sBiaeTca oco6uM cnyvaeM obIux pe3yasTaToB, Nnoayy-
€HHBIX B paboTe. C Leb10 HILTIOCTPAUNH NPUMEHEHHS O61LMX pe3yNnbTaToB, PEIIAlOTCA goAPOOHO: KpaeBrie
3a/layM MOJIYIUTOCKOCTH B HANPSKEHHOM COCTOSIHMH, NOJ BIIMSAHMEM BHE3AIIHO NPHIIOKEHHON JIMHEHHOMH
Harpy3KH, Harpy3ka pacTsXXeHUsi M Harpy3ka IO MOJIOBUHE FPAHUYHON MOBEPXHOCTH.



